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xi 1. INTRODUCTION -".:-: . :
¥ PN
K] ol . i _ R
N . In a nonequilibrium beam-plasma system, the time-average nonlinear force e

<Fg> on a relativistic test particle due to the total electromagnetic field
cgnsists of a part <Fu,>, acting on the actual charge of species a, and a part

7. . . . .
‘j.: <Fgp>, acting on the dynamic polarization charge surrounding the particle.
e Thus,
.r:‘
;.-I
’. > > >
<Fo> = <Fga> + <Fgp> . (1)
.o
o
:f The polarization charge arises from the redistribution of other particles
due to the induced fields produced in the neighborhood of the particle as it
ey moves through the beam-plasma. For a relativistic test particle the time-
average force on its actual charge (bare charge) under conditions of the Born
_.‘ approximation for plasma is given byl’*
A
Y
W > >(1 »(2
Y <F°,a>=F((,)+F§,) , ‘ (2)
'y where
4
. > B
2 >(1 ., 2w > Ve > >
34 FS, ) = lim T %« kK —— G[w - k-va) (3)
o too w+ i
A'; and
~
3] > > >
e > 2 X -"'i 6 W+ w - k + k -V
~ Fg)=llm-t—eajdkdk1 [ ! ( 1) 0.)
. tow (w+ i8)(wy + 1i6)
X V5 Al ®* ‘o
X x BeiBiqj [RALSY (ko) + Ryad ™ (ky.x )]
s
and
L]
7.4
Lo
Q‘.
L]
'_ 'A. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium Plasma, Fiz. Plazmy, 1

(1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].

$ *H, E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Particle to Second-Order in
” the Total Field in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories, HDL~PRL-82-7 (May
1982), to be published as HDL-TR~1995.
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2 k K1
: A ) = [y o TS v
R i3 17 = 17
8"« J Yoo ) w - i';a - 1i$
# VoiVaj s Gy (3)

. - > > kekq - 2 *
) (w - kKevg - 16)2 c
Y ¢
Here t is the time, e, is the actual charge of the particle of species aq, ®,
. N g : . . .

A is its mass, k = (k,w) is a wave four-vector, § is a small imaginary part of
11 the frequency, §&(x) is the Dirac delta function, i is the Fourier transform
Q: of the i component of the total electric field, vq is the particle velocity,
" Yy = (1 - v%/cz]'l/z, and ¢ is the speed of light. The condition that equa-
e tion (2) hold, namely, the Born approximation, is that

) >

» eGIEGI

: 5 <« 1, (6)

“’Pelpal

g 2 v A,

where Ea is the particle momentum and “be is the electron plasma frequency.

In the present work, the time-average of the dynamic polarization force
<Fgp> is derived to fourth order in the total field for a slowly varying
nearly spatially independent background with no external fields. It is shown

2 to be dependent on the linear, second- and third-order nonlinear conductivity
, tensors. The result of this calculation agrees with that of Akopyan and
‘ Tsytovich.1 It is important in calculations of collective radiation processes
¢ and the conditions for the occurrence of radiative instability in nonequilib-

N rium beam-plasma systems.

¥

: 2. THE DYNAMIC POLARIZATION CHARGE DENSITY

» The dynamic polarization charge which surrounds the test particle results
j‘ from the background distribution function being disturbed in the neighborhood
A of the particle. Thus, the associated current density is given by

2, d3’

bt > Ps »  (s) R(s)

b ,dp=zesf-—vs(f - Ry, (7)

(2m)3

“

k4

‘: where the sum is over all species and f(s) and fR(s) are the perturbed and

N reqular background distribution functions, respectively, for species s. It is

q: assumed that there are no external fields and the perturbation in the distri-

-~ bution is due to the field associated with the interaction between the test
x

: Ia. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium Plasma, Fiz. Plazmy, 1

B, (1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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By o
{a particle and the other particles in the system. The dynamic polarization ‘L?}
ftf ~harge density is related to the current in equation (7) by the equation of :f{;
e continuity, namely, S
.c\, _:N W\
apdp t.: &

\ *] = . .'. *
1 ~ s+ T = 0 (8)
~ g
N .
;& Equation (8) assumes local conservation of the dynamic polarization current.
i\ The Fourier decompositions of the polarization charge and current densities

_ are given by

4

.
N i (Ref-ut
ay Pdp = ].dk dekel( r-wt) (9)
o
! .

and

)
= 2 2 el (Ref-ut)

b Jap = J 9 Japke ' (10)
oon where

)
(L R

‘f. gk z a¥ aw . (1)
¥
. Using equations (9) and (10) in equation (8), then
198
e %3
i *Jdpk
23 [ = —_—, (12)
o dpk 4+ i

Taking the Fourier transform of equation (7) one has also

I 3-’
- > d°ps (s) R(s)\*>
A j = e ~—— (£ - f V.. (13)
2 o~ L s [ o (6 - R,
] s .
Substituting equation (13) in equation (12) one obtains the following expres-—
1;V sion for the Fourier transform of the dynamic polarization charge density:
~
B
4(,‘1 3*) > >
- d°pg Kevg
4,':3 [} = ze [ "m (f(s) - fR(s)) . (14)
N 3
= s (2m
;x' The particle distribution functions £(s) are determined by the relativistic
: Vlasov equation, namely,
2
Y s) 2 s) 4 s) _
x 3ef(S) 4 Foo¥p £08) 4 Ao, £08) 20, (15)
3 7
3 R Vo ﬁ-' TS NN I i e S S B LR
‘ " * ' o, "<'\0 ) “*1..'* N'~'\‘ “‘.‘ "" ‘ "' Q. “ . '.ﬁ:" ~ ) . B o ’.::-1;.‘ “A - —.';-‘A n.n_- :‘- o
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where the relativistic relation between velocity and momentum is given by

+> S s
=11 +]— —_— (16)
Vs <‘“sc> ng

AR

2% .
3 and the force Fg is given by
T
.;‘
]
N > > > >
N > >
(j Here E and B are the total electric and magnetic fields. The distribution
“t{ function and the fields can be expressed in terms of their Fourier transforms.
AD Thus, for example,

. 5

(43 £(8) = [ ax fés)el(f-rs-wt) (18)
Y]

4"

\¢

W In terms of the Fourier transforms, equation (15) becomes

3 (s) 1 : b4 > (s)
i £ = dkq dk28(k - k1 - kpJF vV £ .
2 k i(w- l?-wfs + 16) Jraky as( ! 2JFeky Pg k2

(19)

Expressing the distribution functions as power series in the total field, one

has

IN Lol

£i8) = gR(s) 4 § gfs)m) | (20)
2 n=1
i ¥
o)

g where fg(s) describes the background for the nonequilibrium beam-plasma.

The fﬁ( ) describe the perturbation in the background due to the total elec-

,"" tromagnetic field. Assuming a slowly varying, nearly spatially independent
7 background which in zeroth approximation is space and time independent and
ol R(0)
.‘ug denoted by fPs , then

‘s:?

. >

- ’ £R(8) = (2m~4 [ a3%ae fg;o)e'l(fE'r-“’t) . (21)
,,.
ﬂ Performing the integration in equation (21), then
D

o
- R(s R(O '

~ 08 = 50s00) (22)
LY

2]

£




i:j where §(k) = 63( )6(w) is the four-dimensional Dirac delta function. For

f stationary turbulence, equation (22) is exact. It follows from equations (19)
8 and (20) by iteration that
1 > R(s)
: £fs) (1) = - s [ dkqdkp 8(k - kg - kg )Fex, "V £ '
g i(w - Kev_ + i8)
‘}fl ~ (23)
g 1
Y (s)(2)
: fx = P f d]<1dk2dk3dk4 5()( -k - k2)6(k2 - k3 - k4)
ifw=-kev_ + i8)
by (24)
2 1 R(s)
e >
X% x Fsk1 .6 Fsk $p fx ’
s Ps w2 . 3
) ifw, -kyev_ + i8)
and
¥ , .
R (s)(3)
) = — -
X £ . s | ak dk,dk dk dkgdkg S(k - kg - k)
. i(w - Kev_ + i8) e
‘ : (25) —
. 5 k 8(k k JF ¥ 1
~ x (kz - 3 - k4 ) ( 4 - kS - 6 Sk1 ps i(w _ }'{D .‘-; + 16) o
; 2 2 s
-3 > > 1 > » R(s)
x Fsk -Vp P Fsk -Vp fk .
| 3 Psifw, -k,-v_ +18) 5 s e
J Substituting equation (22) in equations (23,24,25) and using the properties of
g the delta function to do some of the integrations, then
1 R
. fis)“) = — PV € o (26)
A i(w - Kev, + is) Ps Pg
] (s)(2) 1 5
P £ = — [ax,ax, 8(k -k, -k, )F_ -ﬁp
- i(w - kev, + i§) 1 s
(27) B
i : -~
.. ..4“~~-'
N x _’1 3 ﬁsk 06 fR(O) ' ,.. y
.:2 i(w2 -k, v +i§) 2 Pg Py . O
f,’ :..t.
- . and Laz
- i i
) ::‘:
,-x S
' 9 ..
o "o
¢
!
oy
"'
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(8)(3) 1 Rk
£x = - T [ ax ak,akqdk, 8(k -k, - k,)8(k, - ky - k)
1(w-k-vs+16) ~
(28)
> > 1 > R(0) Ly
x Fgy_ ¥y F_ e F .oV £ . i
g 1 S 3 - - .* N sk P . - &> .‘* . sk P. P -
5+ 1((»2 kyov, + i8) 3 *s 1(w4 kyovg + i6) 4 “s ”s o
& The Fourier transform ﬁsk of the Lorentz force Fs is given by il
i
A )
> > > -
i Fgk = eg (Ek + vg ka) . (29) .:‘:
i 22
e ™ 'n
b, However, from Maxwell's equation, AR
b o
_ 3B = -UE , (30) G2
= \J_K-
¥ D
.J;, it follows that N
3 LN
e o
| B LI 49 31 s
Be =3+ 18 FB (31) s
.:.\..
and substituting equation (31) in equation (29), then :;:::v::
> > > S
; [’ Vg x(kxEk )] 32 _—
- sk = es Bk + 573 : (32) O
33 Then using the vector identity, one has -
b > f > > > > ﬁ > "7
. Vg x(Rxy ) = (VgoEx K - (VgR)E (33) R
4 i
A and equation (32) becomes IO
ot A
—— > »> s* » Vg* —
o5 Fok = s Ek(‘ i m) K w—r?r] - (34) B
. RN
@
% Next substituting equation (20) in equation (14) one obtains for the O
5 Fourier transform of the dynamic polarization charge density
N P > > >
. a%pg  k.vg (s)(n) :
: pdk-Ze 3————fk . (35) R
2;-9 P s %n=1J (2m° v+ i8 "4
53X ’
l';) .:~
P 10 5
‘}fi .
L5
BFs
:.‘ LT T T . . Tg®, 7 o O P nY < ’ W X . . ‘( "..‘ ..“‘..'4':'.-‘ Vel e .. ) - ,“‘ ..'.-",. . ._' 0
TN "eq.f\fbw" "a:-r‘ SRR .-?S"l\?" "; Yom e L S
"y poae *\"’y '\"' » "z 3 W, "}"-." KOO RO O A




Similarly, the Fourier transform of the dynamic polarization current density
equation (13) becomes

> ° [4%s » (s)(n)

jd Kk ) es 3 vsfkS ne (36)
P s n=1 (211')

v Equation (35) may be written as

(s)
. Papk = g Pdpk ¢ (37)

] where

2 (s)

(s)(n)
Papk = (38)

Papk

ne~18

n=1

N and

':; 3+ ').*

R oy [ 2P o TV cedim (39)
' dpk (2m)3 s w+i8 'k :

' Similarly, equation (36) may be written

th (s)
3apk = g gapk ’ (40)

.

where

W

2(s) _ "E" »S)(n) (a1)

and

P

-
.

adp
st =f ® egvetrs ™ . (42) ,
(2m)3 -

| ANy 4

Equations (37) and (40) express the Fourier transform of the dynamic polar-
ization charge density and current density in terms of a sum over the contri- - 20 @8
) butions of each species. Equations (38) and (41) represent the latter as s
- expansions in the total electric field, the n~" order terms of which are given
‘Z by equations (39) and (42). The first three orders can be obtained by substi- -
o tuting equations (26) to (28) and (34) in equations (39) and (42). SO

e W,
.
.

e 4

11 ;.::_.

i< X%k
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;{: 3. THE DYNAMIC POLARIZATION CURRENT DENSITY '_»i"-:
':v The currents J, ES,)(”, fég)(z), and ;TES,)(” are the 1linear, second-order :’_-:f::
] nonlinear, and third-order nonlinear dynamic polarization current densities,
" respectively. The linear and nonlinear electric field dependence is given by

. equations (42), (26) to (28), and (34).
':-

o~ Proceeding to reduce the linear current one has, using equations (42) and
NN (26),

S (s)(1) f a%pg €sVs R(0)

*(s > >
T Jdpk = . Fsk *Vp.fp . (43)

- (2mM3 5 (y - Kev_ + 16) 5 7S
ot s
_‘ Substituting equation (34) in equation (43) then, equation (43) becomes
> >
a3dp e?v T

o J?(s)(1) f S S s Ek . Kevs
dpk = o " wr i
N (2m3 i(w - kev_ + i8) er
- (44)

Vs By R(0)
“a N .’ s. .’
e w+ i S °s
:.f,'_.‘ Using the Einstein convention with implicit summation over repeated indices,
:: equation (44) may be rewritten as
4"‘;:"
: > >
32 ey . Kev
Hs) (1) 4°pg s si s

L Jdpki = EkR. > > . ‘5Zm 1o i &
(2m)3 i(w - kev_ + i8) w+ i

EN s
G 3£R(0) (45)

Lo KmVs g Ps
+ .

' w+ i§ apsm -~
“E o
.'_:: Equivalently, then, the linear dynamic polarization current density is given A

Y AR
A% by -'::'
. (s)(1 s)
S Jdpk{ . 0;'(LQ (K)Exg (46)

s
~:::',: where the linear conductivity tensor o{i) is given by2
e
'\:" > >
" 3% (1 - X ) kmvsg 7 agR(0)
3 (s) , [27Ps "Si[‘sfm ! %o +1s) twrisd Ps (47)
.)Q;-' oig (k) = e 3 ; FF 3 .
e (2m) i(w - Kevg +i8) Psm
5
N v,
(‘:i. 2y, N, Tsytovich, Theory of Turbulent Plasma, Consultants Bureau, Plenum Publishing Corp. (New
S York, 1977).
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Proceeding to reduce the second-order dynamic polarization current using
equations (42) and (27), then

3 +>
T(s)(2) i Ps ®s"s
T(s
dpk = — dk dk, §(k - k, - k)
(2m3 iw - kev_ +16)
(48)
2oy : 2o ob enl?)
x . . t .
sk, P > sk "'p_'p
1 S i - . i 2 s s
1(&2 k2 v+ 16]
Substituting equation (34) in equation (48), then
*
'd3p e33
jlsl@ _f ° =2 ak ak, (K - K - %)
dpk B - - K.
P (2m3 i(w- Kew_+i6) ' 2 v
> > B
> . k1 *Vg > ‘75 Ek1 > 1
x Ek1 - w] + 16 + k1 w1 + ]-._6 .VPS ( }: > 6)
ile, a2tV t i
> > > 2
Koo vs *Bx
x |B 1 --*—E-Zi— + ﬁ -—:i———i— -6 fR(O) (49
Ekz wy, + 18 2 \wgy + 16 Ps™Ps :

Equivalently, then, the second-order nonlinear dynamic polarization current
density, equation (49), may be rewritten as

)Ek Beg (50)

Japki S, . (kik /K 35,

) ijR

(sy2) _ o [dadkz 8k - ki - ko) (s)
S ( 2

w + i6)(w, + i

where the second-order nonlinear conductivity tensor Si?i(k,k1,k2) for species
s is given bylr3-8
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S(S)(k K,k ) = e2 d3ps Vsi (w g ) d
P ? = - oy
ijaltrtr 2 s J(2m3 (w- ,';35 +i6) 1 1 "s’ 3pgj
(51)
3 3 Vs 3 |R(0)
+ v .k + k ths .
sj 1m dpgp Ppgy wy - }zz.;s + i6 2n 3pgn | P

Equations (50) and (51) are in complete accord with Tsytovich.? He has ab-
sorbed a factor of (-es/w1w2) in equation (50) into his definition of the
second-order conductivity. It is to be noted, however, that the Fourier
transform and normalization conventions used by Tsytovich9 are identical to
those used here, whereas those used by Akopyan and 'I'syt:ovich1 are not. Note
also that the tensor defined by their equations! (18) and (20) differs from
equation (51) above in that the first complex denominator w - }'{-\75 + 18 in
equation (51) here is implicitly w - Re¥g - i§ there.b77

Recently, some new exact symmetries of the second-order nonlinear conduc-
tivity tensor equation (51) have been discovered3™8 and related to long-~
established approximate symmetries related to the Manley-Rowe relations,
crossing symmetry, and the nondissipative nature of the nonlinear current.
Also, a useful new polynomial representation for the tensor was obtained in
which all derivatives are removed and the pole structure is clearly exhibit-
ed, 378 The symmetries are useful in the reduction of collective radiation
probabilities.1 Specifically the new exact symmetries are given bys'8

(s) (s)
sijalki + kaski,k2) + Sigg(k1 + kaokaeky)

(52)

(s) (s)
= s5ig(kq.%1 + ka,k2) - Sypi(k1.k2,kq + k2)

2. v, Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium Plasma, Fiz. Plazmy, 1
(1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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Ségi(‘k1 - k2:/k1,k2) + Sii;(-k1 - k2/k2,kq)

(53)

= Sg?i(k1:-k1 - ka/kp) + Sgii(k1:k2r-k1 - k3) .
3

The approximate symmetries follow from equations (52) and (53) when resonant
wave-particle interactions are negligible. For example, under this condition
the well-known approximate symmetry--equation (2.83) of Tsytovich2--may be
obtained from either equation {52) or equation (53).376:8

Proceeding to reduce the third-order polarization current using equations
{42) and (28) and integrating over one of the delta functions, then

»(s5)(3) a’Bg ®s s
3 ak, dk.dk, 6(k -k, -k, - k,)
apk 3 . > > 17737 1 37 "4
(2m)3 i(w - kev_ + 16)
1 1
X Eg,k .69 > > > gsk .-pr ( > >
v Fsi(w- e - (k=K )v, +38) T3 Ts i{w - kyev + i8)

= R(O (54)
X Fsk4 'ﬁpsfpé ) .

Substituting equation (34) in equation (54) and renaming wave vector variables
of integration, then

2y, N. Tsytovich, Theory of Turbulent Plasma, Consultants Bureau, Plenum Publishing Corp. (New
York, 1977).

H. E. Brandt, Symmetries of the Nonlinear Conductivity for a Relativistic Turbulent Plasma,
Harry Diamond Laboratories, HDL-TR-1927 (March 1981).

“4, E. Brandt, Exact Symmetry of the Second-Order Nonlinear Conductivity for a Relativistic
Turbulent Plasma, Phys. Fluids, 24 (1981), 1760.

H. E. Brandt, Second-~Order Nonlinear Conductivity Tensor for an Unmagnetized Relativistic Turbu-~
lent Plasma, in Plasma Astrophysics, Course and Workshop, Organized by the International School of
Plasma Physics, 27 August to 7 September 1981, Varenna (Como), Italy, European Space Agency ESA SP=-
161 (1981) (also to be published by Pergamon Press), 361.

H. E. Brandt, On the Nonlinear Conductivity Tensor for an Unmagnetized Relativistic Turbulent
Plasma, Harry Diamond Laboratories, HDL-TR-1970 (February 1982),

8. E. Brandt, Symmetry of the Complete Second-Order Nonlinear Conductivity Tensor for an Unmag-
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v > P e_v

> . (s)(3) s s's

¢ = - - -
058 3apk -j T 3 — dk,dk,dk 4 §(k - k, -k, - k;)
o (2m3 i(w - kev_ + i8)

+

A
x
Xm

s
> >
;S'):1 > VS'E}(1 1
Voo Tt R\TTTT .$Ps > >y
1 1 1 if(o=-w) - (k=% )ov, + i8]

e ‘\"o"‘ *
LA

u + > > >
. vg *k2 » [ Vs°Ek, j 2 1 (55)
N5 \' o v i)t rA\ o/ Y > .
N 2 2 2 a s 1[(»3 - kyev, i6)
_‘:‘ r + > > > T
A N Vg *k3 » [Vs*Bky 2 R(0O)
! A5 \' - oovTs) TR\ T/ |” pstps :
| %3 3 3 _
:::J Equivalently then, the third-order nonlinear dynamic polarization current
:;-: density~--equation (55)--may be written as
I
o dkidkodky 8(k - k1 -~ ky - k
'-\‘ J(S)(3) _ f 1 2 3 ( 1 2 3)
o dpki s (wy + i6){wp + 16)(w3 + 16)
15' (56)
N (s)
._::: ’ x zijzm(k'k1’k2’k3)Ek1jEk22&(3m ’
':\'
where the third-order nonlinear conductivity tensor for species s is given by
Y}
- (s)
.::3 zijm(k'k'l 'k2'k3)
“» >
) . adpg Vsi
- (2m)3 w - Kev_ + i8
j.." > > 3 1
“.
4 x [6, (m -k v ) +k, v .]
- 1
< jnt 1 1 s n8J apsnw-w-(l:-}:)-\'; + 186
gsj 1 s
Fo
] 1 (57)
> >
. x (8, (0, - Kyovg) + Kouvg,l op_ > 2 L is
o) u w, -~k v +1i
3 3 s
2% x [8 (w, - K,ov. ) +k ] o RO
v ng w3 3"V 3q"sm dpgq Py *
$7,: Equations (56) and (57) are also in complete accord with Tsytovich.9 He has
:}; absorbed a factor of (-es/w1 w2w3) into the third-order nonlinear conductivity.
-!',,5
gt Y. . Tsytovich, Nonlinear Absorption of Electromagnetic Waves During Resonant Plasma Heating,
Fiz. Plazmy 6 (1980), 1105 [Sov. J. Plasma Phys., & (1980), 608].
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4. THE NONLINEAR DYNAMIC POLARIZATION FORCE

EY
The dynamic polarization force de on a test particle is given by the
Lorentz force acting on the polarization charge accompanying the particle.
Thus,

fap = ] [ %[0 (B e)8(E,e) + 38 (F e )8 e)] (58)
S

The fields ﬁ(f,t) and g[?,t) are the electric and magnetic fields induced by
the test particle interaction with the other particles in the system. It is
assumed that there are no external fields. 1In terms of the Fourier decomposi-
tions, equation (58) becomes the following:

S

(s) 2 . 2s) 2 (39)
x [pdpk1Ek2 + dpk1ka2] ’
or performing the integral over space, then
Fap = ] [ akraxy et (01402)e a0y 353(7, 4 7,)
s
(60)
(s) 2 Hs) =+
X [Odpk1Ek2 + 3dpk1x5k2] .
The time-average dynamic polarization force is given by
Fgp> = lim 1 ]t/z Fap(t')dt’ (61)
= im + .

Substituting equation (60) in equation (61) and replacing the time limits of
integration by the infinite limit, then

f dat z fdk1dk2 e—i(w1+w2)t'(2ﬂ)363():1 + }-()2)
-0 S
' (62)
(s) 3
X [9d§k1§k2 + Jﬁi?ﬂlﬁ&ﬂ .

ctl=

>
F = 1j

Performing the time integration, then equation (62) becomes

> (2n)“ [
Fgp> = lim dk,dk, 8(k, +k,)
t >0
63
(s) 2 ?(s) B (63)
dpk Ek dpk k,J !
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=
SO where

§(k) = 83(R)8(w) (64)

P
1% ’
St
e

N Using the property of the delta function to integrate over k;, and renaming
. the remaining integration variable k, to be k, then equation (63) becomes

g
CIRL Y BRI

e )
Lot b

A

.
[l

¥ »> _(2m)® (s) = »(s) _»
| Fgp> = tt: - g | ax [pdp_kEk + Jdp_kxak] . (65)

.
el
NIl X ¢
B

5

3
»

,",..' ."o

LN .

0 " "

. ". ‘.- . ‘

s Using equations (12) and (31), one has

y > ¥s) r(s) > »
ki (s) = . #(s) _» K *Jap-k Bk JéS-kX(kxEk)

Pap-k™ ¥ Jap-k™Bk * o T 15 Y T w+is . (66)

7S Next using the vector identity
“

Tiahex(xde) = (3882 B R - GapxR)Ex - (67)

.‘-‘- together with equation (12) and the fact that wS§(w) = 0, then equation (66)
» becomes

+>:> #(s)
() 2 . 2ts) 2 _ %(E-Jap-x)

. o + 3 xXB = ——— (68)
b dp-kEk dp-k k w4+ i6

":} Therefore, substituting equation (68) in equation (65) one has

J2s)
i . C(2m . B fdp-k
Ny Fgp> = lim & k —— . (69)
A P goo t g w+ i

Subgstituting equation (41) in equation (69), then

d >
N <de> = 2 de ' (70)
S, where

*
. k > +(8)(n+1)
. F = 1i dkx ———— (% - (71
:\' dp _:: t g f w+ i6 Bk Jdp-k )
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Next, substituting equation (46) in equation (71), then

N

L)

+(0) (2")“ jr (s)
Fap = 11m 2 = 15 (-K)E_ , - (72)

Replacing the variable of integration k by -k in equation (72), and realizing
that because the fields are real

AAAES

4
LAY

then equation (72) becomes

2(0) (2")“ ]ﬁ o) x
Fap = 1m Z —3 K k 15k (74)

An alternative form is obtained by introducing an integrated delta function in
equation (72) to obtain an equivalent expression, namely,

&7

TRy

+(0) C(2mt dkdk

F = lim Z :
dp tow t s w+1ié

(s)
s(k + k, K klEk Oip Bkg) (75)

Next substituting equation (50) in equation (71), and noting that the
delta function is even, one obtains

5(1) = =lim

dp Lo

(2m)% [ dkdk  dk,, §(k + k,+ kz)
e
S

(w+i8) (0, + i6)(w, + i8)

> (s)
X ExjBx,5Ex,2Kk Sij g(-k/kq.kz) .

Equation (76) is in complete agreement with equation (18) of Akopyan and
Tsytovich1 since from equation (51) as noted earlier it follows that

SS}L( -k,kq1,k2) = -gi(szJ!)L(krk1:k2) ' an

where §{§i(k k,,kz) designates the conductivity tensor appearing in Akopyan
and Tsytovich' in which evidently the first complex denominator is implicitly
w - Re¥_ - i8. This may be seen from equation (18) there where, because of

the delta function, one has effectively Slj’)l(-k1 - kz,k1,k2)- Assuming that

Berr 27

P Sl Wik g

1o, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium Plasma, Fiz. Plazmy, 1
(1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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equation (50) holds there also, except for the differin? Fourier transform
convention, then because of the delta function only S{sz(k1 + kz.k1,k2) can
enter. Equation (18) of Akopyan and Tsytovich1 has an "additional factor of
(2m)~9(27)”3 which apparently arises from different Fourier transform and
background normalization conventions. For example, in their egquation (5)! tne
Fourier transform convention employed has a factor of (27)”3 in the inverse
Fourier transform in the integration over the three-dimensional wave vector
space, and a factor of 1 for the integration over frequency, giving a total
factor of (2m)~3, whereas here a total factor of 1 is used as in eguation (9),
for example. Also, the Fourier transform itself has a factor of (2m)” ! there
and (2m)”“% pere as in equation (21), for example. There is also another addi-
tional factor of (21r)'3 in their equation (18)} which is apparently due to
differing background normalization. Because of the different Fourier transform
convention alone, the counterpart of their equation (18) ! would have an addi-
tional factor of (2m) 3. Apparently it has been absorbed into the normal-
ization of fpg there. In short, the fpg ' there must be (2m)3 times that
here. Alternatively if the normalization is in fact the same as that here,
then there is an erroneous factor of (2w) 3 appearing there. Also the factor

of 1/6 in Akopyan and Tsytovich1 arises from the explicit symmetrization
chosen there.

Next substituting equation (56) in equation (71) and noting that the delta
function is even, one obtains

+(2) (2m)4 dkdkydkpdk3 8(k + ky + kp + k3)
F = -lim e
dp tow T 5 S ) (w+id)(w +i8)(wy + i8)(wy + i)

(78)
(s)
X EgiEx, Bk, Ekqm K Zi3 am(-k.k1kok3) .

It is to be noted that equations (78) and (57) are in apparent agreement with
equations (19) an? (21) of Akopyan and Tsytovich.1 Evidently in the conduc-
tivity tensor Tgszm(k,k1,k2,k3) given by e%pation (21) there,! the first two

.12 > . N
complex denominators are implicitly w - k-vs - id and w + wy, = (k + k1]-vs -
i8, respectively, and also there is no overall factor of i as there is in
equation (57) here. Therefore

(s) . (8)
lezm(—k,kl,kz,k3) = -1Ti(.32m(k'k1'k2'k3) . (79)

la, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium Plasma, Fiz. Plazmy, 1
(1975), 673 [Sov. J. Plasma Phys., 1 (1975), 371].
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., Thus, comparing equations (78) and (79) with equation (19) of Akopyan and e
::. Tsytovich,! one finds that they are in complete agreement. Again the _,.\‘
¢ additional factors of (2m)”!2 and (2m)~3 and 1/24 in their equation (19)! Nt
: apparently arise from differing Fourier transform and background normalization "
conventions and explicit symmetrization, respectively. S
In summary, then, using equation (70), the time-average dynamic polar- :_. .
ization force on a relativistic test particle to fourth order, in the field in ‘:-‘;f-:
a nonequilibrium beam~-plasma system for a slowly varying, nearly spatially in- -".-:_'
dependent background with no external fields, is given by po

Bap> = Fag) + Fap) + F2) . (80)

The linear, secgnd-orc_i)er nonlingar), and third-order nonlinear dynamic polar-
ization forces Fap’, FE, » and Fag" are given by equations (75), (76), and A
(78), respectively.

e
il W

S. CONCLUSION £

e
-

An expression~-equations (80), (75), (76), and (78)--has been obtained for
the time-averaged dynamic polarization force on a relativistic test particle

K to fourth order in the total field in a nonequilibrium beam-plasma system for K :
a slowly varying, nearly spatially independent background with no external ~j-f_-j-.
v, fields. This result has been used in the work of Akopyan and Tsytovich in the e

theory of collective bremsstrahlung in nonequilibrium plasmas. y

. i . ARy
o The present work together with related work by the author 10+ wrtr ¥ g S
?‘j important for ongoing work in calculating collective radiation processes and '.:-::
o conditions for the occurrence of radiative instability in relativistic beam- Iy
15 plasma systems. o
b
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